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This is a slightly enlarged and corrected version of a contribution to the Ober- 
wolfach Report [2]. We discuss results on spectral properties of Laplacians on per- 
colation graphs and more general Anderson-percolation Hamiltonians. The results 
are mostly taken from the papers [Si 13 Eli to which we refer for further references, 
generalisations of the results presented here, and more details. 

In this report we will for simplicity restrict ourselves to the following situation. 
We consider the graph with vertex set Z d , where two of the vertices are joined 
by an edge if their i 1 distance is equal to one. The group T :— Z d is acting on 
the graph by translations. Denote by {A^j^^N the exhaustion of Z d by cubes 
A L := Z d n [-L/2,L/2] d . 

We construct a probability space (fl,A,P) associated to percolation on Z d . Let 
^ = x a;GZ< i [0) °°] be equipped with the cr-algebra A generated by finite dimen- 
sional cylinders sets. Denote by P a probability measure on f2 and assume that the 
measurable shift transformations t 7 : f2 — * Q, (T-yUj) x — w x _ 7 are measure preserv- 
ing. Moreover, let the family r 7 ,7 G T act ergodically on Q. By the properties of 
t 7 ,7 G r the stochastic field q: il x Z d — > [0, oo] given by q(u>,x) = ui x ,x G 7L d is 
stationary or equivariant, i.e. g(r 7 w,x) = q(u>,x — 7). The mathematical expec- 
tation associated to the probability P will be denoted by E and the distribution 
measure of go by /x. 

Define for w £ fl the random vertex set X(cu) := {x G Z d | q(cj,x) < 00} and 
denote by the same symbol the induced subgraph of Z d . In other words, if q(u, x) is 
infinite, we delete the vertex x together with all incident edges, otherwise we retain 
it in the graph. For each u> let : £ 2 (X(ui)) — ► t 2 (X{uj)) be the adjacency operator 
of the graph X(w). Define now a selfadjoint Anderson-percolation Hamiltonian by 
D(u) := {/ G e 2 (X(co)) I E* 6 X( W ) \q(",x)m\ 2 < ™} and 

H u := A u + q(uj, •) : D(u) -» D(oj) 

where (q(uj, -)ip)(x) = q(u>,x)ip(x) is a random potential. Note that c(u>) := {/ 6 
l 2 (X(uj)) I supp/ is finite} is an operator core for H u , for all u. In the sequel we 
may or may not assume 

(1) supp fjb — {0, 00} 



(2) q(-,x),x G Z d are i.i.d. random variables 

Let us consider two examples of random potentials. Set V(u>, x) = 2d—Aeg x ^ (x) > 
0. Then the two operators A^iV^w, •) are sometimes called Neumann, respectively 
Dirichlet Laplacian on X(ui) (up to a constant). The fixed sign of the potential V 
is useful for Dirichlct-Neumann-bracketing estimates. 

Remark. More generally, Anderson-percolation Hamiltonians can be defined on 
covering graphs with a free, coompact group action. For certain results it is required 
that the group is amenable. The structure of the stochastic process q generalises in 
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an obvious manner to this setting. It is possible to carry out a similar analysis on 
bond or mixed percolation graphs. Moreover, rather than considering the adjacency 
operator, one can derive similar results for equivariant, hermitian, finite hopping 
range operators. In this generality, some of our results are new even in the periodic 
case when Q contains only one element. 

Denote by Udisc, c ess , a ac , a sc , <7 pp the discrete, essential, absolutely continuous, 
singular continuous, and pure point part of the spectrum, and by o~fi n the set of 
eigenvalues which posses an eigenfunction with finite support. For each denote 
by H% the truncation of to £(Al(uj)), Al(ui) := n X(lo) and the associated 
normalised eigenvalue counting function by N^(E) :— ■j^^[X]-ao,E\{H^)]- The 
distribution function, given by an averaged trace per unit volume, E ^ N(E) = 
^ {(So, X]-oo,E]{Huj)Sct)} is called integrated density of states (IDS). Denote by v 
the measure on R associated to N. The following theorem establishes the non- 
randomness of basic spectral quantities and a relation between the IDS and the 
spectrum. 

Theorem 1. There exists an ft' C £1 of full measure and subsets of the real 
numbers £ and E # , where • € {disc, ess, ac, sc,pp, fin}, such that for all u> E fi' 

&(H U ) = £ and a,(H u ) = £. for any • = disc, ess, ac, sc,pp, fin 

and 

(3) lim N^(E) = N(E) at all continuity points of N 

L — >oo 

Moreover, Hdisc = and £ = suppzA Under assumption (JTJ the convergence © 
holds for all E E M. 

There is a probability threshold p c such that if /z({oo}) < 1 — p c and holds 

(4) an infinite component X°°(lli) of the graph X(u>) exists a.s. 

In this case one can consider the adjacency operators on X°°{u>) and the anal- 
ogous statements to the above theorem hold. We denote the associated quantities 
using a superscript °° , e.g. A^°° for the IDS of . 
Theorem 2. 

(i) E/i„ = supp Vpp. 

(ii) Denote by A G the adjacency operator of the subgraph of 1 d induced by G. If 
iJTJl and hold, then 

E /m = £ := {E e K | 3 finite G C Z d and / e £ 2 (G) such that H G f = Ef} 

(iii) If (0} holds we have E^° n = supp v™. 

(iv) If © and © hold then EJ°„ = E /in . 

Note that the set E is dense in [—2d, 2d] and consists of algebraic integers. 

Statement (i) of Theorem 1 describes the location of the jumps of the IDS in 
terms of finitely supported eigenfunctions. In fact, it is possible to describe the size 
of the jumps in this way, too. A special case of the result in 5 is 

Proposition 

Let EeK. Then there exists an f2' C f2 of full measure such that for all w E ft' 

{/ E D(lu) I H u f = Ef} = {/ E D(uj) | H~f = Ef, supp / is finite} 

The next theorem provides estimates in the spirit of Wegner and Delyon/Souillard 
for Anderson-percolation Hamiltonians. 

Theorem 3. Assume ©, then: 

(i) E = [-2d, +2d] + supp ^| R . 

(ii) E/ in D E + supp fi pp \in 
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(iii) If fi — fi c + (1 — p)8 00 , i.e. /x has no atoms at finite values, then the IDS of H u 
is continuous. 

(iv) Assume that for a, b 6 M the measure /i is absolutely continuous on the interval 
]a — 2d,b + 2d[, i.e. n\] a -2d.b+2d[{dx) = f(x)dx, and that / G Then, for 
every interval / with dist(J, ]a, b[ c ) > S > we have 

(5) E{Tr Mill!)} <C\1 /.'' 
where C = 2«+ 2 (^±i) 2 ^j^jfe^ . 

It follows that the constant C in © is an upper bound on the density of states, 
i.e. < C for all £ e]a,6[. 

If J5J holds and = |x[o,i] + |^4d+ 3^00, the Wegner estimate (0 is valid for all 
energies E < 2d. Moreover, by pQ, Lifshitz asymptotics hold at mini] = —2d. Thus 
one can prove using a multiscale analysis, see e.g. |3J, that for some a G]0, 1[ the 
spectrum of H u in U = [—2d, — 2d + a] has no continuous component and consists of 
a dense set of eigenvalues, whose eigenfunctions decay exponentially in space almost 
surely. 

Denote by cr £ (i? w ) the set of eigenvalues of H^. Then 

(6) S/i„ 5 a e {H u ) ^ E pp for almost all u> 

Here the sets Eji ra and E pp are almost surely non-random, and S/j„ D E + 4rf. 
The set a^H^) n C/ is non-empty almost surely and disjoint to E + 4<£ By the 
Wegner estimate the IDS is absolutely continuous in U , therefore for any E € U the 
probability ¥{E in an eigenvalue of vanishes and U is even disjoint to Ey^ n . 
Thus we have a highly fluctuating set a t {H w ) strictly sendwiched between two 
almost surely non-random sets E/j„ and E pp . 
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